An integrated stiffness model is established for a Planar Parallel Manipulator (PPM) with actuation redundancy based on Finite Element Method (FEM), and the static stiffness, dynamitic stiffness and moving stiffness of the PPM are analyzed according to the integrated stiffness model. Firstly, a dynamic model of flexible plane beam element is created as a basic unit for branches. Secondly, each branch is assembled in generalized coordinates, and the integrated stiffness model of the PPM is established. Then calculation and simulation for the static stiffness, dynamitic stiffness and moving stiffness are carried out. The results show that the static stiffness and dynamitic stiffness are related with the position and posture of the PPM. The moving stiffness shows that the elastic deformations cause the oscillation of the PPM. In this paper, three stiffness models are unified in the integrated stiffness model, which improves the efficiency of the stiffness calculation and mechanism design.
Introduction
Parallel manipulators have many advantages including high load capacity, high accuracy and compact structure. Parallel manipulators are usually used in high loading and high speed working conditions [1] , so the stiffness is an important indicator of the parallel mechanism performance. The stiffness analysis of parallel manipulators includes three aspects: static stiffness analysis, dynamic stiffness analysis and moving stiffness analysis.
Many scholars have studied the stiffness of parallel manipulators. The Jacobian matrix-based method is presented by Gosselin and other scholars [2, 3, 4] . The Jacobian matrix is used to calculate a stiffness matrix and the analysis is carried out for the entire workspace. The results show that the stiffness is depended on the workspace. A similar methodology is described in reference [5] , and the links are considered to be flexible. Several authors use matrix product method
System Structure
The Planar Parallel Manipulator (PPM) with actuation redundancy is a 3-RR planar parallel manipulator. "3" represents that the PPM has three branches. "R" represents the revolute joint and "RR" represents that each branch has two revolute joints. The physical structure of the PPM is shown in Fig. 1 . The PPM uses three PW DC motors as the drivers to drive the active arms. The movement of actuator is determined by the motions of three passive arms. The topology structure of the PPM is shown in Fig. 2 . A i (x ai , y ai ) and B i (x bi , y bi ) represent the joint positions. P represents the position of the actuator with a coordinate P (x, y) and θ ai represents the angle between A i B i and x axis. θ bi represents the angle between B i P and x axis. In the above, i = 1, 2, 3. The length of active arm and passive arm is equal, which is denoted as L.
Finite Element Analysis

Discrete Structure and Analysis Element
Assume that A i B i and B i P are the deformable links in the PPM, and the joint deformation can be neglected (The system cumulative error caused by joint deformation is smaller because the branches in parallel manipulator are generally shorter, and another reason is that parallel manipulator is almost a closed loop system having the certain restraining action for the joint According to the structural characteristics of the PPM, the plane beam element with a rectangular section is chosen as the basic unit, as shown in Fig. 3 . A and B represent the nodes of the plane beam element. The node displacements can be expressed in local coordinate system A-XYZ. q 1 and q 4 represent the elastic displacements along X axis of nodes A and B, respectively. q 2 and q 5 represent the elastic displacements along Y axis of nodes A and B, respectively. q 3 and q 6 represent the bending angles around Z axis of nodes A and B, respectively. Each local coordinate of elements is not unified, so it is not convenient to study the mechanical structure. Considering the reason mentioned in previous, the unification generalized coordinates is established as shown in Fig. 2 . 
Unit Displacement Interpolation Function
Assume that the plane beam element occurs axial and lateral bending deformation, and q = [q 1 q 2 q 3 q 4 q 5 q 6 ] T represents the generalized coordinate vector of plane beam element. In the unit coordinates (local coordinates), the elastic displacement along X, Y direction and the elastic angle displacement around Z axis can be expressed as the functions of q. The functions of the elastic displacement along X, Y axis and the elastic angle displacement around Z axis are denoted as W x (x, t), W y (x, t) and θ z (x, t), respectively. According to the mechanism characteristics and accuracy requirement, the elastic displacements along X, Y axis use a linear differential function, and the elastic angle displacement uses a three cubic interpolation function. According to the boundary conditions, the following formula can be derived:
where q is the generalized coordinate vector. N A , N B and N C are the interpolation vectors, and each of them is the function of x.
During movement, the coupling effect between the rigid motion and the elastic motion of the unit can be ignored because the elastic motion of the unit is smaller. So the absolute velocity at any point in a unit can be considered as the superposition by its rigid velocity and elastic velocity, and the absolute acceleration at any point in a unit is the superposition by its rigid acceleration and elastic acceleration. The velocity for any point in a unit can be expressed as follows:
represent the absolute velocities, the rigid velocities and the elastic velocities along X and Y axis, respectively.
Finite Element Analysis of the Unit
Assume that the unit mass in each section is concentrated in the center axis and the influence of the revolute energy can be ignored. Then the kinetic energy of the unit can be expressed as follows:
where L, ρ and A represent the unit length, the unit mass density and the unit cross-sectional area, respectively. m(x) represents the function of unit mass distribution. For the beam element with uniform section, there is a function: m(x) = ρA. Incorporating Eq. (4), Eq. (5) and Eq. (6), the following equation can be derived as:
whereq r andq represent the rigid velocity and elastic velocity of the unit, respectively, and M e represents the unit mass matrix.
All deformation energy of the unit can be expressed as:
where E is the tension-compression modulus of elasticity, and I Z is the main moment of inertia of beam element cross section to Z axis.
Taking Eq. (4) and Eq. (5) into Eq. (8), it can be gotten that:
where K e is the unit stiffness matrix and q is the velocity vector.
Taking Eq. (8) and Eq. (9) into Lagrange Equation:
d dt
= F , and the dynamic equation of unit is obtained as:
where F e and P e represent the external force vector and the inner force vector, respectively, and Q e represents the inertia force vector.
Finite Element Analysis of Branch
The active units A i B i (i = 1, 2, 3) are assumed as the cantilever beams. Considering the boundary conditions, the elastic angle displacements at node B i (i = 1, 2, 3) are zeros. Nodes B i owe different angles because they belong to different components (unit A i B i and unit B i P ). Due to nodes B i represent the revolute joints, the two curvatures around the axis of B i are zeros. Node P is the point where the ends of three branched chains are intersected and P represents the revolute joint. So the curvature at point P is zero. Therefore, the number of non-zero local coordinates of A i B i is three and the number of non-zero local coordinates of B i P is four, as shown in Fig. 4 . According to the FEM, the node deformation of branch A i B i P can be described by five generalized coordinates 
Proceeding in the same way, the transform matrix which transfers the B i P branch coordinates from the generalized coordinates O-XYZ to local coordinates B i -XYZ can be expressed as follows:
Therefore, the relation between the local coordinates and the generalized coordinates for A i B i P (i = 1, 2, 3) coordinates which can be expressed as follows:
where:
The compact matrix form of Eq. (13) is
The number of non-zero generalized coordinates of A i B i (i = 1, 2, 3) is three according to its boundary. By incorporating the dynamic equations from Eq. (10) to Eq. (14), the dynamic equation of A i B i can be written as: 
Finite Element Analysis of the PPM
According to the kinematics and dynamics constraints in the PPM, the dynamics of the PPM has been analyzed. The Eq. (18) shows the transform relationship between the generalized coordinates U * and the system coordinates U as shown in Fig. 6 T ,
Fig. 6: Generalized coordinates of the system
In accordance with the constraint system equations, it can be gotten as:
Substituting Eq. (18) into Eq. (17), the following equation can be obtained.
] .
Substituting Eq. (18) into Eq. (19), the integrated stiffness model can be obtained.
where: M = B T MeB, K = B T KeB.
Stiffness Analysis
(1) Static stiffness analysis Definition of the static stiffness is that the mechanical ability resists the deformation under static loading, so the static stiffness can be denoted as an evaluation index. The procedure for solving the static stiffness is shown in Fig. 7 . The procedure is that the basic element is selected by analyzing the PPM, and the basic nodes and elements are numbered, and then the system stiffness matrix is made up from the stiffness matrixes of elements according to Eq. (20). Through analyzing system stiffness matrix, the static stiffness can be calculated out. By comparing the calculated static stiffness with the permissible stiffness it can be judged whether the PPM can meet the working requirements. Definition of the dynamic stiffness is that the mechanical ability resists deformation under dynamic loading, and another definition is the dynamic force which caused unit amplitude. The evaluation index of the dynamic stiffness is inherent frequency.
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The dynamic stiffness equation of the PPM can be expressed as follow:
where ω is the inherent frequency vector and the minimum value is defined as ω 0 . By comparing ω 0 with the permissible value, it can be judged whether the dynamic stiffness can meet the requirement.
(3) Moving stiffness analysis
The moving stiffness analysis usually represents the structure vibration when the PPM is working, and it has several evaluation indexes, such as elastic displacement, elastic velocity and elastic acceleration.
Applying the Runge-Kutta method to solve Eq. (20), the elastic displacement U can be obtained. According to the derivative of U , the elastic velocityU and the elastic accelerationÜ can be derived.
Numerical Simulations
In order to analyze the stiffness characteristics of the PPM, it is essential to set the structural parameters shown in Table 1 and the permissible stiffness values list in Table 2 . 
Static Stiffness Simulation
The static stiffness values of the PPM are different when the actuator is in different positions. Therefore, it is necessary to study the static stiffness in working space. The minimum static stiffness is at the actuator by analyzing the characteristics of the PPM, so the static stiffness of the actuator can be used to judge whether the PPM can meet the stiffness requirement. The static stiffness of the actuator is not isotropic through qualitative analysis, so the static stiffness along X-axis and Y -axis are both calculated out in working space in order to obtain the static stiffness range. The calculated results are shown in Fig. 8 . If the PPM wants to operate normally, it requires that the minimum static stiffness in the working space is larger than the permissible stiffness. The simulation results show that the minimum static stiffness value along X-axis is 0.9 × 10 11 Nm (as shown in Fig. 8 (a) ) and the minimum static stiffness value along Y -axis is 1.5 × 10
11 Nm (as shown in Fig. 8 (b) ) which are both larger than the permissible value (as listed in Table 2 ), so the PPM satisfies the requirement of the static stiffness.
The FE software is used to simulate the static stiffness when the actuator is in the position (0.25, 0.29) in order to check the static stiffness calculated by FEM. The model is meshed and the constraints and loads are set in the FE software as shown in Fig. 9 . Assuming that the PPM is subjected to a working resistance, and the working resistance along X-axis and Y -axis are both 1000N. The working resistance is set along X-axis as shown in Fig. 9 (a) and the force is set along Y -axis as shown in Fig. 9 (b) .
The simulation results are shown in Fig. 10 . Fig. 10 (a) shows the elastic displacement along X-axis (δ x ) and Fig. 10 (b) shows the elastic displacement along Y -axis (δ y ). According to the Fig. 10 , the elastic displacement along X-axis at the actuator is 4.29 × 10 −7 m and the elastic displacement along Y -axis at the actuator is 3.57 × 10 −7 m. According to the elastic displacement formula K = F /δ, the static stiffness along X-axis and Y -axis can be calculated as 2.33 × 10 
Dynamic Stiffness Simulation
The inherent frequency of the PPM is also different when the manipulator is at different position, so the inherent frequency in the working space needs to be analyzed. By solving the stiffness model of the PPM, the inherent frequency (ω) of each position can be obtained. The inherent frequency distribution in the working space can be described in Fig. 11 .
As seen in Fig. 11 , the minimum inherent frequency is 1.7 × 10 6 Hz which is much larger than the permissible frequency listed in Table 2 , so the PPM satisfies the demand of the dynamic stiffness.
Moving Stiffness Simulation
Moving stiffness analysis needs to consider the moving condition, so a movement trajectory must be assumed. The movement trajectory is set that the starting point is (0.22, 0.29) and the ending 
where x 0 and y 0 represent the initial positions of the actuator (point P ) along X and Y axis. v x and v y represent the initial velocities of the actuator along X and Y axis. s(t) and v(t) represent the displacement and velocity of the actuator, respectively.
Through calculating the elastic displacement, velocity and acceleration by the Matlab, the change rules can be obtained, which are shown in Fig. 12 and Fig. 13 . Fig. 12 (a) shows the elastic angular displacement around Z axis. Fig. 12 (b) and Fig. 12 (c show the elastic displacement along X axis and Y axis. By analyzing the results, it can be seen that the maximum elastic displacement caused by the elastic deformation is 0.0036 mm which is smaller than the permissible elastic displacement, so the PPM satisfies with the requirement of the moving stiffness. Through calculating the finite element model of the PPM, the effect of the elastic deformation on the velocity and acceleration of the terminal actuator in the PPM can be obtained and shown in Fig. 13 . Fig. 13 (c) shows that the maximum velocity vibration along Y axis is 0.0015 m/s. As shown in Fig. 13 (f) , the acceleration vibration along Y axis is up to 1.5 m/s 2 . Through analyzing the velocity and acceleration curves, it shows that the elastic deformations of the components in the PPM would cause the serious reciprocating vibration of the velocity and acceleration at the actuator. The vibration is greatly different in each direction and it is determined by the structural features, motion regulation and force conditions of the PPM. The moving scale along X axis is much greater than that along Y axis as shown in Fig. 12 (b) and Fig. 12 (c) . The stiffness values of the PPM change with different positions, so the elastic displacement, velocity and acceleration are closely related to the moving status of the PPM. The moving stiffness results provide a theory base for controlling the vibration and improving the motion accuracy.
Conclusion
In this paper, the FEM is applied to study the integrated stiffness of a 3-RR planner parallel manipulator with actuation redundancy. The integrated stiffness model of the PPM is established based on a planar beam element which is able to analyze the static stiffness and the dynamic stiffness and the moving stiffness comprehensively. Three stiffness calculation and simulation results demonstrate that the PPM meets the work requirements. In addition, the moving stiffness calculation results show that the elastic velocity and elastic acceleration lead to reciprocating vibration of the PPM, so effective methods should be used to eliminate the negative effects in order to improve the motion accuracy. The integrated stiffness modeling unifies different stiffness models which improve the efficiency for the mechanism design, structure optimization and motion control, so the integrated stiffness modeling based on the FEM is worth applying for parallel manipulators.
